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We study the relations between quantum coherence and quantum nonlocality, genuine quantum
entanglement and genuine quantum nonlocality. We show that the coherence of a qubit state can
be converted to the nonlocality of two-qubit states via incoherent operations. The results are also
generalized to qudit case. Furthermore, rigorous relations between the quantum coherence of a
single-partite state and the genuine multipartite quantum entanglement, as well as the genuine
three-qubit quantum nonlocality are established.
I. INTRODUCTION
Quantum entanglement is a crucial resource for many
quantum information processing tasks such as quantum
teleportation, dense coding, and quantum key distribu-
tion; see [1] for a review. In particular, the genuinely
multipartite entangled states [2] offer significant advan-
tages in quantum tasks comparing with bipartite entan-
glement. They are the basic ingredients in measurement-
based quantum computation [3], and are beneficial in var-
ious quantum communication protocols [4–6].
Besides the quantum entanglement, the quantum non-
locality is also of great importance in both understanding
the conceptual foundations of quantum theory and quan-
tum information processing such as building quantum
protocols to decrease communication complexity [7, 8]
and providing secure quantum communication [9, 10].
Comparing with quantum entanglement and quantum
nonlocality which are defined for bipartite or multipar-
tite systems, quantum coherence can be defined for single
systems. Due to the superposition principle in quantum
mechanics, it plays important roles in many researches
such as quantum computation [11–13], quantum metrol-
ogy [14–16].
It has been shown that coherence and quantum cor-
relations can be converted to each other under certain
scenarios. In [17], the authors show that any degree
of coherence in some reference basis can be converted
to entanglement via incoherent operations. In [18], the
authors further show that any entanglement of bipar-
tite pure states is the minimum of a suitable coherence
measure over product bases and conversely, any coher-
ence measure of pure states, with the extension to mixed
states by the convex roof theory, is equal to the max-
imum entanglement generated by incoherent operations
acting on the system and an incoherent ancilla. In [19],
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the authors prove that the creation of quantum discord
with multipartite incoherent operations is bounded by
the consumption of quantum coherence in its subsys-
tems. In [20, 21] the authors show the conversion between
quantum coherence and other convex resources including
quantum fisher information and the “magic” ones.
In this paper, we study the relations among quan-
tum coherence, genuine quantum entanglement, quan-
tum nonlocality and genuine quantum nonlocality. We
show that any nonzero coherence can be converted to
genuine multipartite entanglement, quantum nonlocal-
ity and genuine multipartite nonlocality under incoherent
operations.
II. CONVERTING COHERENCE TO
BIPARTITE NONLOCALITY
The coherence of a quantum state depends on the ref-
erence basis. Throughout the paper, we fix the refer-
ence basis to be the computational basis. Let Hd denote
a d-dimensional Hilbert space. The l1-norm coherence
Cl1(ρs) of a source quantum state ρs ∈ Hd is defined by
[22],
Cl1(ρs) =
∑
i6=j
|ρsij |, (1)
where |ρsij | denotes the absolute value of ρsij . The
set of incoherent states is defined by I ≡ {ρ =∑d−1
i=0 pi|i〉〈i||
∑d−1
i=0 pi = 1}. And a completely positive
and trace-preserving map Λ is called an incoherent op-
eration if it can be written as Λ(ρ) =
∑
j KjρK
†
j , where
every Kj is incoherent in the sense that KjIK†j ⊆ I.
Concerning the nonlocality, we first consider two-qubit
state ρ ≡ ρs ⊗ |0〉〈0| ∈ H2 ⊗H2, where ρs is the source
qubit state and |0〉〈0| is the initial state of an auxiliary
qubit system. Let Λ be an incoherent operation on H2⊗
H2. We have the following result:
Theorem 1. The state Λ(ρ) is Bell-nonlocal if and only
if ρs has non-vanishing coherence.
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FIG. 1: One to one mapping between quantum coherence
and quantum nonlocality under incoherent transformations.
For initial incoherent states, under incoherent operations the
resulting states admit local hidden variable (LHV) models.
While for coherent states, the resulting states admit no local
hidden variable (NLHV) models
[Proof]. Under computational basis, ρs =∑1
i,j=0 ρ
s
ij |i〉〈j|. Taking Λ to be the two-qubit CNOT
gate, Λ|i〉 ⊗ |j〉 = |i〉 ⊗ |mod(i + j, 2)〉, then Λ(ρ) =∑
jk ρ
s
jk|jj〉〈kk|. Denote T the 3 × 3 real matrix with
entries given by tnm = Tr(Λ(ρ)σn⊗σm), where {σn}3n=1
are the standard Pauli matrices. Set U ≡ T tT with t
standing for the transposition of the matrices. Let µ1
and µ2 be the two larger eigenvalues of U andM(Λ(ρ)) ≡
µ1 + µ2.
A state is non-local if it violates any Bell inequalities.
For the two qubit state Λ(ρ), the CHSH inequality says
that |〈BCHSH〉Λ(ρ)| ≤ 2, where BCHSH = A1⊗B1+A1⊗
B2+A2⊗B1−A2⊗B2, 〈BCHSH〉Λ(ρ) = Tr(Λ(ρ)BCHSH),
Ai = ~ai · ~σ, Bj = ~bj · ~σ, i, j = 1, 2, ~σ = (σ1, σ2, σ3), ~ai
and ~bj are unit real three dimensional vectors. The state
Λ(ρ) violates the CHSH inequality if M(Λ(ρ)) > 1 [23].
It is direct to verify thatM(Λ(ρ)) = 1+4|ρs01|2. There-
fore, the quantum state Λ(ρ) is non-local if |ρs01| 6= 0,
namely, if ρs has non-zero coherence. 
Theorem 1 says that as long as the source state ρs
has non-zero coherence, there exist incoherent operations
such that the coherence in the state ρs can be converted
to the Bell nonlocality of the state Λ(ρ), see Fig. 1. As
nonlocality necessarily implies entanglement, our conclu-
sion is stronger than the one in [17], in which any degree
of coherence can be converted to entanglement via inco-
herent operations.
In order to study the relations between the coherence
and quantum nonlocality for high dimensional bipartite
states ρ ∈ Hd ⊗ Hd, we need the following fact. Let
|eα〉, α = 0, 1, 2, · · · , d − 1, be a basis of Hd. Set P =
PA ⊗ PB, where PA = (|eα〉, |eβ〉)t for some α 6= β, and
PB = (|eγ〉, |eλ〉)t for some γ 6= λ. Then
ρ˜ =
PρP †
Tr[PρP †]
is a “two-qubit” state. Since P †AσiPA and P
†
BσiPB have
the same eigenvalues as σi, the state ρ is non-local if
|〈BCHSH〉ρ˜| > 2Tr[PρP †] . That is, if |〈B˜CHSH〉ρ| > 2,
then ρ is non-local, where B˜CHSH = P
†
BCHSHP is the
CHSH operator induced from BCHSH .
Theorem 2. For any source state ρs =
∑
ij ρ
s
ij |i〉〈j| ∈
Hd, if for some i 6= j, |ρsij | >
√
1−(ρs
ii
+ρs
jj
)2
2 , then the
state ρs ⊗ |0〉〈0| ∈ Hd ⊗Hd can be converted to be Bell-
nonlocal via incoherent operations Λ such that Λ(ρs ⊗
|0〉〈0|) violates a Bell-inequality.
[Proof]. Note that max |〈B˜CHSH〉ρ| =
max |Tr[B˜CHSH ρ]| = maxTr[PρP †] |Tr[BCHSH ρ˜]| =
2Tr[PρP †]
√
M(ρ˜). Associated with the correspond-
ing projector P , Tr[PΛ(ρ)P †] = ρsii + ρ
s
jj and√
M(Λ˜(ρ)) =
√
(ρsii + ρ
s
jj)
2 + 4|ρsij |2/(ρsii + ρsjj) for
some i 6= j. Then 2(ρsii + ρsjj)
√
M(Λ˜(ρ)) > 2 if
and only if |ρsij | >
√
1−(ρs
ii
+ρs
jj
)2
2 . Therefore, if
|ρsij | >
√
1−(ρs
ii
+ρs
jj
)2
2 , the state ρ
s ⊗ |0〉〈0| can be con-
verted to a Bell-nonlocal state via incoherent operations
such that Λ(ρs ⊗ |0〉〈0|) violates a Bell-inequality. 
In particular, if ρs is a rank two state, ρskk > 0, ρ
s
ll > 0
and ρskk + ρ
s
ll = 1 for some k 6= l, the |ρskl| > 0 if ρs
is coherent. Taking PA = PB = (|ek〉, |el〉)t, one gets
Tr[PΛ(ρ)P †]
√
M(Λ˜(ρ)) =
√
1 + 4|ρskl|2 > 1. By the
proof of Theorem 2, we have the following necessary and
sufficient conclusion:
Corollary. If the source state ρs ∈ Hd has rank two,
then the state ρs ⊗ |0〉〈0| can be converted to be Bell-
nonlocal under incoherent operations if and only if ρs is
coherent.
Based on the von Neumann relative entropy S(ρ ‖ σ)
of two quantum states ρ and σ, in [24] the authors
studied a unified characterization of quantum correla-
tions for entanglement E(ρ) = min
σ∈S
S(ρ ‖ σ), discord
D(ρ) = min
σ∈CC
S(ρ ‖ σ), steerability Ŝ(ρ) = min
σ∈U
S(ρ ‖ σ),
nonlocalityN (ρ) = min
σ∈L
S(ρ ‖ σ), as well as the coherence
Cr(ρ) = min
σ∈I
S(ρ ‖ σ), where S, CC, U and L stand for
the sets of separable states, classically correlated states,
unsteerable states, the states admitting local hidden vari-
able models, respectively. Since I ⊂ CC ⊂ S ⊂ U ⊂ L,
one has the relation Cr(ρ) ≥ D(ρ) ≥ E(ρ) ≥ Ŝ(ρ) ≥
N (ρ). Let Q denote one of the correlations E , D, Ŝ and
N . We have the following general conclusion.
Theorem 3. The quantum correlation of a bipartite
state Λ(ρs ⊗ |0〉〈0|A) generated by incoherent operation
Λ on an initial source qudit state ρs and an ancilla state
|0〉〈0|A of system A is upper bounded by the relative en-
tropy coherence ρs,
Q(Λ(ρs ⊗ |0〉〈0|A)) ≤ Cr(ρs). (2)
3[Proof]. Let σs be the closet incoherent state to
ρs, i.e. Cr(ρs) = S(ρs‖σs). And S(ρs‖σs) = S(ρs ⊗
|0〉〈0|A‖σs⊗|0〉〈0|A) [17]. Based on the monotonicity of S
under completely positive operations Λ, S(Λ(ρ)‖Λ(σ)) ≤
S(ρ‖σ), we have S(ρs⊗|0〉〈0|A‖σs⊗|0〉〈0|A) ≥ S(Λ(ρs⊗
|0〉〈0|A)‖Λ(σs ⊗ |0〉〈0|A)). Since Λ(σs ⊗ |0〉〈0|A) is
an incoherent state, it is also classically correlated,
separable, unsteerable and local. Therefore, we get
Cr(ρs) = S(ρs‖σs) = S(ρs ⊗ |0〉〈0|A‖σs ⊗ |0〉〈0|A) ≥
S(Λ(ρs⊗|0〉〈0|A)‖Λ(σs⊗|0〉〈0|A)) ≥ Cr(Λ(ρs⊗|0〉〈0|A) ≥
Q(Λ(ρs ⊗ |0〉〈0|A)). 
Theorem 3 provides a lower bound of Cr(ρs), given
by the distance-based quantum correlations Q between
the source state and ancilla state under incoherent op-
erations. In fact, due to the relation between the rel-
ative entropy of coherence and the l1-norm coherence,
Cr(ρs) ≤ log2(d)Cl1(ρs) [25], (2) gives rise to Q(Λ(ρs ⊗
|0〉〈0|A)) ≤ log2(d)Cl1(ρs), which presents also an upper
bound of quantum correlation measures by the l1-norm
coherence.
III. CONVERTING COHERENCE TO
GENUINE TRIPARTITE ENTANGLEMENT AND
NONLOCALITY
Coherence to genuine tripartite entanglement Different
from the ones in bipartite systems, states in tripartite
systems can be not only entangled or non-locally cor-
related, but also genuinely entangled or genuinely non-
locally correlated. Genuine multipartite entanglement is
an important type of entanglement which offers signif-
icant advantages in quantum tasks comparing with bi-
partite entanglement [1]. It is also the basic ingredient
in measurement-based quantum computation [3], and in
various quantum communication protocols [26] including
secret sharing [27, 28]. A genuinely multipartite entan-
gled mixed state is defined to be one that cannot be writ-
ten as a convex combination of bi-separable pure states.
We consider general three-qudit case. Let ρs be the qudit
source state, |0〉〈0|A and |0〉〈0|B the initial states of the
auxiliary qudits A and B, respectively.
Theorem 4. The state ρs⊗|0〉〈0|A⊗|0〉〈0|B can be con-
verted to a genuinely tripartite entangled state under in-
coherent operations if and only if ρs is coherent.
[Proof]. If there exist incoherent operations such that
ρs ⊗ |0〉〈0|A ⊗ |0〉〈0|B is converted to a genuinely tri-
partite entangled one, by Theorem 3 ρs must be co-
herent. Conversely, consider the incoherent unitary op-
erator U = Σd−1i=0Σd−1j=0Σd−1k=0|i〉〈i| ⊗ |mod(i + j, d)〉〈j| ⊗
|mod(i + k, d)〉〈k|. We have U(ρs ⊗ |0〉〈0|A ⊗ |0〉〈0|B) =
Σijρ
s
ij |i〉〈j| ⊗ |i〉〈j| ⊗ |i〉〈j|. If U(ρs⊗ |0〉〈0|A⊗ |0〉〈0|B) is
a pure state, using the genuine mutipartite concurrence
Cgme(|Ψ〉) = min
C∈{C,C¯}
√
2(1− Tr(TrC(|Ψ〉〈Ψ|))2) [29],
where {C, C¯} denotes bipartite decompositions of |Ψ〉,
we get Cgme(U(ρs ⊗ |0〉〈0|A⊗ |0〉〈0|B)) = 2
√
Σk 6=lρskkρ
s
ll.
This genuine mutipartite concurrence is great than zero
if Cl1(ρs) 6= 0, since in this case there must exist some k
and l such that |ρskl| 6= 0, namely, ρskk 6= 0 and ρsll 6= 0
due to the positivity of a density matrix. Therefore,
U(ρs ⊗ |0〉〈0|A ⊗ |0〉〈0|B) is a genuine tripartite entan-
gled state. If the state U(ρs ⊗ |0〉〈0|A ⊗ |0〉〈0|B) is a
mixed one, U(ρs⊗|0〉〈0|A⊗|0〉〈0|B) = U(Σkpk|ψk〉〈ψk|s⊗
|0〉〈0|A⊗|0〉〈0|B) = ΣkpkU(|ψk〉〈ψk|s⊗|0〉〈0|A⊗|0〉〈0|B).
If Cl1(ρ
s) 6= 0, given the convexity of coherence measures,
there will exist some U(|ψk〉〈ψk|s ⊗ |0〉〈0|A ⊗ |0〉〈0|B)
which is coherent. By the above proof about pure
states, we can get Cgme(U(ρs ⊗ |0〉〈0|A ⊗ |0〉〈0|B) =
min
{pk,|ψk〉}
ΣkpkCgme(U(|ψk〉〈ψk|s⊗|0〉〈0|A⊗|0〉〈0|B)) > 0.
Then ρs⊗|0〉〈0|A⊗|0〉〈0|B can be converted to a genuinely
tripartite entangled state via incoherent operations if and
only if ρs is coherent. 
Remark 1) When Cl1(ρs) = 1, i.e., |ρs01| = 1/2,
U(ρs ⊗ |0〉〈0|A ⊗ |0〉〈0|B) is just the GHZ state, (|000〉+
|111〉)/√2.
2) For arbitrary ρs and incoherent operation U , it is
impossible that U(ρs ⊗ |0〉〈0|A ⊗ |0〉〈0|B) is the state
|W 〉 = (|001〉 + |010〉 + |100〉)/√3. The reason is
that Cl1(U(ρs ⊗ |0〉〈0|A ⊗ |0〉〈0|B)) ≤ Cl1(ρs ⊗ |0〉〈0|A ⊗
|0〉〈0|B) = Cl1(ρs), but Cl1(|W 〉〈W |) = 2 > Cl1(ρs), where
Cl1(ρs) = 2|ρs01| ≤ 2
√
ρs00ρ
s
11 ≤ 2
√
(
ρs
00
+ρs
11
2 )
2 = 1 by the
fact that ρs is semipositive definite with trace one.
In particular, by the similar method with Theorem 4,
it is direct to get that the state ρs can be converted to
a genuinely multipartite entangled state under incoher-
ent operations if and only if ρs is coherent. In order to
illustrate this, we will give the following Example.
[Example] Consider the n-qubit quantum state Λ(ρs ⊗
|0〉〈0|⊗ · · ·⊗ |0〉〈0|), where Λ = Σ1i=0Σ1j=0 · · ·Σ1k=0|i〉〈i|⊗|mod(i + j, 2)〉〈j| ⊗ · · · ⊗ |mod(i + k, 2)〉〈k|, then Λ(ρs ⊗
|0〉〈0| ⊗ · · · |0〉〈0|) = Σi,jρsij |i〉〈j| ⊗ |i〉〈j| ⊗ · · · ⊗ |i〉〈j|.
The genuine mutipartite concurrence is given by [30],
Cgme(Λ(ρ
s ⊗ |0〉〈0| ⊗ · · · ⊗ |0〉〈0|)) = 2|ρs01|. Namely, ρs
can be converted to an n-qubit genuine entangled state
if and only if ρs is a coherent state.
Coherence to genuine tripartite nonlocality Quantum
nonlocality can be revealed via violations of various
Bell inequalities. It has been recognized that quan-
tum nonlocality is not only a puzzling aspect of na-
ture, but also an important resource for quantum infor-
mation processing, such as building quantum protocols
to decrease communication complexity [7, 8] and pro-
viding secure quantum communication [9, 10]. For tri-
partite case, there are so called genuine tripartite non-
locality and three-way nonlocal correlations. If Alice,
Bob and Charlie perform measurement X , Y and Z on
the three subsystems, respectively, with outcomes x, y
and z, and the probability correlations P (xyz|XYZ)
among the measurement outcomes can be written as
in the hybrid local-nonlocal form [31], P (xyz|XYZ) =
4∑
λ qλPλ(xy|XY )Pλ(z|Z)+
∑
µ qµPµ(xz|XZ)Pµ(y|Y ) +∑
ν qνPν(yz|Y Z)Pν(x|X), where 0 ≤ qλ, qµ, qν ≤ 1 and∑
λ qλ +
∑
µ qµ +
∑
ν qν = 1, then the correlations are
called Svetlichny local. Otherwise we call them genuinely
Svetlichny nonlocal. Concerning the coherence and the
genuine three qubit nonlocality, we have the following
conclusion.
Theorem 5. If Cl1(ρs) >
√
1
2 , then the state ρ
s ⊗
|0〉〈0|A⊗|0〉〈0|B can be converted to be a genuinely three-
qubit nonlocal state via incoherent operations.
[Proof]. It has been shown that a three-qubit state |Ψ〉
admits bi-local hidden variable model if the mean value of
the Svetlichny operator S is bounded [31], |〈Ψ|S|Ψ〉| ≤
4. While in [32] the authors show that for any three-
qubit quantum state ρ, the maximal mean value of the
Svetlichny operator S satisfies: max |〈S〉ρ| ≤ 4λ1, where
λ1 is the maximum singular value of the matrix m =
(mj,ik), with mijk = Tr [ρ(σi ⊗ σj ⊗ σk)], i, j, k = 1, 2, 3.
It is easily calculated that λ1(U(ρs⊗|0〉〈0|A⊗|0〉〈0|B)) =
2
√
2|ρs01| =
√
2Cl1(ρs). Therefore, if Cl1(ρs) >
√
1
2 ,
U(ρs ⊗ |0〉〈0|A ⊗ |0〉〈0|B) is a genuinely three-qubit non-
local state. 
The violation of the Svetlichny inequality is only a
sufficient condition of genuine three-qubit nonlocalilty.
In [33] other three-qubit genuine nonlocality, three-way
nonlocal correlations, have been studied. Let us con-
sider the T inequality, 〈T 〉 ≡ 〈X0Y0〉 + 〈X0Z0〉 +
〈Y0Z1〉−〈X1Y1Z0〉+〈X1Y1Z1〉 ≤ 3, and the NS inequal-
ity, 〈NS〉 ≡ 〈X0Y1〉 + 〈X1Z0〉 + 〈Y0Z1〉 + 〈X0Y0Z0〉 −
〈X1Y1Z1〉 ≤ 3 given in [33], where 〈XiYjZk〉 =∑
xyz(−1)x+y+zp(xyz|XiYjZk) and Xi, Yj , Zk, i, j, k =
0, 1, have binary outcomes x, y, z. By numerical calcula-
tion, we can see the violation of these two inequalities,
see Fig. 2.
FIG. 2: The surfaces of 〈T 〉, 〈NS〉, C(T ) and C(NS) with
respect to state ρs. 〈T 〉 and 〈NS〉 are the corresponding
values of the state U(ρs⊗ |0〉〈0|A⊗ |0〉〈0|B), C(T ) (C(NS)) is
the coherence of ρs such that U(ρs⊗|0〉〈0|A⊗|0〉〈0|B) violate
the T (NS) inequality, and a+ ib = ρs01.
In fact, for 〈T 〉, taking X0 = Y0 = σ3, X1 = Y1 = σ1,
Z0 =
1√
2
(σ3 − σ1), Z1 = 1√2 (σ3 + σ1), we have 〈T 〉 of
U(ρs ⊗ |0〉〈0|A ⊗ |0〉〈0|B) : 〈T 〉 = 1 + √2 + √2(ρs01 +
ρs10) = 1 +
√
2 + 2
√
2a. And taking X0 = Y0 = σ3,
X1 = Y1 = σ1, Z0 =
1√
2
(σ3 + σ1), Z1 =
1√
2
(σ3 − σ1), we
have 〈T 〉 = 1 + √2 − √2(ρs01 + ρs10) = 1 +
√
2 − 2√2a.
Therefore, from 〈T 〉 > 3, we get |a| >
√
2−1
2 . Namely, if
|a| >
√
2−1
2 , the state U(ρs⊗|0〉〈0|A⊗|0〉〈0|B) violates theT inequalities. Similarly, we have that if |a| > 0, the state
U(ρs ⊗ |0〉〈0|A ⊗ |0〉〈0|B) violates the NS inequalities.
We summarize the corresponding lower bounds of
Cl1(ρs) that under incoherent operation U the state ρs
can be converted to U(ρs ⊗ |0〉〈0|A ⊗ |0〉〈0|B) which
is genuinely tripartite entangled (GME), the genuinely
Svetlichny (S), T and NS nonlocal in Table 1.
S T NS GME
Cl1(ρs) 1/
√
2
√
2− 1 0 0
TABLE I: The lower bounds of Cl1(ρs) exhibiting genuine
three qubit entanglement and violating the Svetlichny, T and
NS inequalities.
IV. CONCLUSIONS AND DISCUSSIONS
We have established rigorous relations between the
conversion of quantum coherence and bipartite nonlo-
cality, tripartite genuine entanglement and genuine non-
locality. It has been proven that any nonzero coher-
ence of a source qubit state ρs can be converted to
the Bell-nonlocality under incoherent transformations.
Moreover, any arbitrary dimensional tripartite state ρs⊗
|0〉〈0|A ⊗ |0〉〈0|B can be converted to a genuinely tri-
partite entangled state under incoherent operations as
long as ρs is coherent. And when Cl1(ρs) ∈ (
√
1
2 , 1],
i.e., |ρs01| ∈ ( 12√2 , 12 ], the state ρs ⊗ |0〉〈0|A ⊗ |0〉〈0|B can
be converted to a genuinely three-qubit nonlocal state.
While to exhibit the NS three way nonlocality, nonzero
coherence of ρs suffices. Besides the one to one corre-
spondence between coherence and entanglement, our re-
sults show further the tight relations between the coher-
ence and quantum nonlocality, genuine tripartite entan-
glement and genuine tripartite nonlocality.
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